In this work, we propose a new source for gravitational wave (GW) radiation associated with the quantum chromodynamics (QCD) phase transition in the inner cores of neutron stars. The mechanism is based on the bubble dynamics during the first-order phase transition from nuclear matter to quark matter. We identify the characteristic frequency to be of order ωc ∼ 10 6 rad/s for this kind of sources and the strain magnitude (h ∼ 10 −24 for a neutron star at a distance of 0.1 Mpc) reachable by future GW detectors. The GW spectra are shown to be useful to check the transition nature at high baryon chemical potential as well as to constrain the radius and density of the inner cores, which are still indistinct up to now.
Introduction.-The composition and structure of neutron stars (NSs) is one of the most intriguing but difficult questions in modern astronomy. Over the past decades, significant efforts have been devoted to establishing possible existences of quark matter in the inner cores of NSs [1] [2] [3] [4] [5] [6] . However, the nature of inner cores remains a big puzzle owing to the difficulties in accessing that region either observationally or theoretically: On one hand, the outer cores of NSs are so dense and thick that the electromagnetic signals are unable to escape; on the other hand, the first principle lattice QCD calculation of the equation of state remains hard at high baryon density due to the sign problem [7, 8] . The successful detections of GW from both binary black holes mergers [9] [10] [11] and binary neutron stars merger [12] by LIGO and Virgo open a new window into the interior of neutron stars. It turns out that the clean and precise GW signals offer great constraints on the ambiguous equation of state of NSs [13] [14] [15] [16] [17] [18] [19] [20] . In this work, we propose a new source for GW, which is associated with the QCD phase transition in the inner cores of NSs.
As a matter of fact, the underlying mechanism of GW generation from the new source is analogous to the one in early universe, where GW radiation is induced by firstorder phase transitions (FPTs) [21] [22] [23] [24] [25] [26] [27] [28] [29] . However, the FPT here is driven by density rather than by temperature as in early universe: as a neutron star undergoes quick gravitational collapse during supernova explosion, the baryon chemical potential µ B of inner core eventually exceeds the critical value and then turns the nuclear matter into quark matter. The transition is usually thought to restore chiral symmetry and found to be of first-order in chiral effective models [30] [31] [32] . Above the critical µ B , the FPT proceeds via the nucleation and expansion of quark matter bubbles inside the metastable nuclear matter. Meanwhile, a huge amount of latent heat is released, part of which is finally converted to GW radiation through bubble collisions [22] [23] [24] . Note that this kind of GW is transient and differs much from the periodic quasinormal mode generated by hybrid NSs [5, 6, 33] . As the GW carries specific information of the underlying FPT, it may shed light on the properties of inner cores once detected in the future. Throughout the work, the following conventions are used = c = 1.
First-order phase transition.-In order to study phase transition in the cores of neutron stars, we simply adopt the renormalizable quark-meson model [31] . The Lagrangian density is given by
where q(x) = (u(x), d(x)) T denotes the two-flavor quark field with color degrees of freedom N c = 3, µ B is the baryon chemical potential and τ = (τ 1 , τ 2 , τ 3 ) are Pauli matrices in flavor space. The linear term c σ breaks chiral symmetry explicitly and we can verify that the Lagrangian has exact chiral symmetry in the chiral limit c = 0. The model parameters of the mesonic sector λ, υ, c are fixed by the sigma mass m σ = 660 MeV, pion mass m π = 138 MeV and decay constant f π = 93 MeV, and the quark-meson coupling constant is determined by m For the study of cold neutron stars, we stick to the zero temperature and finite baryon chemical potential case. In reality, the isospin density is also large inside NSs but will be neglected here for simplicity. As the first step for illustrative purpose, we neglect the pion contributions to the bubble dynamics and assume the derivative terms ∂ µ1 · · · ∂ µn σ(x) have already been renormalized. More rigorous exploration can follow the pioneering works of Friedberg-Lee soliton model (though for hadrons) [34, 35] , where the coupled equations for bosons and fermions should be solved consistently. Then, by integrating out the quark field and dropping the vacuum term as in the standard procedure [31] , the Lagrangian density can be bosonized as a functional of σ(x), that is, 
with the effective potential
Here, we have defined the quark mass m q ≡ gσ(x) and
In the constant σ scenario, the effective potential V [σ] is depicted in Fig. 1 for three specific values of µ B . As can be seen, there are usually two minima for V [σ]: one at σ 0 corresponding to the chiral symmetry breaking phase and the other at σ ∼ 0 corresponding to chiral symmetry restoration phase (quark matter) [36] . When we increase µ B from the subcritical case (upper curve) to the supercritical one (lower one), the true vacuum (general minimum of V [σ]) jumps from σ 0 to σ ∼ 0. This is the distinct feature of symmetry related firstorder phase transition and the critical value is found to be µ c B = 957 MeV for the chosen parameters. Thus, µ B has to be supercritical in order that the chiral transition from nuclear to quark matter can happen. In reality, µ B is not a constant in NSs but rather has a profile from center out, because we've known that the baryon density changes with the radius [37] . We just choose a simple profile:
Only the inner cores of neutron stars with r < R c are relevant for bubble nucleation and the radius is usually found to be R c = 0 − 3 km from theoretical studies [38] .
Bubble dynamics.-A significant application of FPT to neutron stars is the existence of the super-compressed phase in the cores -gravity does the necessary work. Then, the phase transition from nuclear to quark matter will proceed through the nucleation and expansion of quark-matter bubbles inside the nuclear matter, which in the following will be referred to as true and false vacuum, respectively. The bubbles are nucleated through quantum tunneling effect and a single bubble is an O(4) symmetric solution to the following equation of motion in Euclidean space-time [39] :
where ρ = (t E − t E0 ) 2 + (x − x 0 ) 2 is the Euclidean distance from the bubble center at (t E0 , x 0 ). The bubble solution interpolates between the true vacuum in the center and the false vacuum outside, and bubbles are generated randomly across the whole region of false vacuum. Their number density is determined by the tunneling probability density Γ, which can be evaluated from the Euclidean action and quantum fluctuations [39, 40] . The explicit expression is Γ = A 
where Det denotes the determinant without zero modes, and σ b and σ F correspond to the bubble and false vacuum solution, respectively. The exponent B is positive definite because the bubble solution maximizes the Euclidean action [41] . It is complicated to evaluate the prefactor A in a renormalized way, which receives contribution from quantum fluctuations on top of σ b [41] . However, in the thin wall approximation (TWA) [39, 42] , the prefactor is simply A = with j = 0, 1/2, 1, . . . and thus verify the validity of TWA for our study.
After nucleation, bubbles start to expand and eventually collide with each other. These processes simply follow the classical equation of motion and the whole false vacuum will be occupied by the bubbles in the end. The speed of bubble walls was found to approach the light velocity c quickly, with the wall width shrinks quickly [23] . This again justifies the validity of TWA for GW generation in the following and the time scale of FPT can be roughly evaluated to be T ∼ R c .
Gravitational wave radiation.-As the nucleated bubbles expand and collide, the variation of stress tensor induces GW radiation from the core. The stress tensor is related to the bubble configuration σ(x) as [22, 23] . wherek is the unit wave vector pointing from the neutron star to detector and ω is the angular frequency of GW. The stress tensor will be evaluated by adopting the envelope approximation, which was shown to be in good agreement with the exact numerical evaluation [24] . The approximation is based on two simplifications: (i) the bubbles expand spherically with speed of light and do not interfere with each other; (ii) the overlapped regions of bubbles and the parts exceeding the boundary of false vacuum are excluded in the integration. As a result, the stress tensor is simply given as
where n enumerates number of bubbles, Ω is the solid angle of each bubble wall, and t n and x n are nucleation time and center location of the n-th bubble, respectively. The overall magnitude of T ij is set by the latent heat density ε v , the energy density difference between the true and false vacuum. The resultant GW strain is then given by
where L is the distance from the neutron star to detector. To be specific, we choosek along z-axis. Then, the stress tensor components relevant for observation are only T + ≡ 1 2 (T xx − T yy ) and T × ≡ T xy with + and × denoting different polarization modes. Another important observable is the differential GW energy spectrum
, where E GW is the GW energy and Ω ob is the observational solid angle [44] . In our convention, it can be simply split into two parts:
Before we proceed to the realistic evaluations of h +/× and E +/× GW , we need to determine the space-time coordinates of all bubbles nucleated during the FPT first. For the chosen size of the super-compressed region, the average bubble number λ ≡ ΓV c T is found to be very sensitive to µ B , see the right panel of Fig.2 . We concentrate on the case ∆µ B ∼ 13.8 MeV below which nucleation is highly suppressed, and both few-and many-bubble scenarios will be considered in the following. Assuming individual bubble to be nucleated independently, the total number of bubbles k follows the Poisson distribution rule P (k) = e −λ λ k k! [45] . Physically, nucleation of bubbles only occurs inside the false vacuum; nevertheless, we can still allow nucleation inside the true vacuum, i.e. other bubbles nucleated before. The point is that the later has no effect on the stress tensor under the envelope approximation, but the implementation is much easier than the equivalent multi-time-step evolution one [24] . With k randomly generated from the Poisson distribution, the space-time coordinates of all the bubbles are also randomly generated in the space volume V c within time cutoff T .
We start with the one-bubble evolution since this is the simplest and most representative case for few-bubble scenario. For FPTs in early universe, at least two bubbles are required to generate GW radiation [22, 23] . However, in our case, one bubble can also have such an effect because the boundary of false vacuum provides another big bubble (though not expanding). The results for a typical one-bubble configuration are illuminated on the left panel of Fig.3 with the total latent energy E v = ε v V c . A significant feature is that there is only one obvious extreme for either the GW energy spectrum or strain of each polarization mode, and the strains are nearly in phase with each other except for a possible sign difference. The sign difference can be understood as follows: Since GW polarization modes have helicity 2, rotation of the bubble center around z-axis by an angle ϕ rotates (h + , h × ) like a vector but by an angle 2ϕ. Hence, rotation would not change the relative phase between the two modes, but can change their signs. The characteristic frequency (CF) for the energy peak can be estimated from the exponent in Eq.(6) near the end of the FPT, when the factor (t − t 1 ) 3 is maximized. For a bubble nucleated at spherical coordinate (r 1 , θ 1 , ϕ 1 ), we find the transition time T R+r 1 and the end point x (T, π −θ 1 , π +ϕ 1 ). Then, the CF should be inversely proportional to the effective time T 1 ≡ T −k · x 1 −k · x T + R cos θ 1 . By fitting several one-bubble results, we find ω 1 3.8/T 1 works surprisingly well as the two bubble case [23] . For illumination, we also present the results for 3 bubbles on the right panel of Fig.3 . The CF can be roughly evaluated by min(ω 1 , ω 2 , ω 3 ) and the deviation from numerical calculations should be attributed to the interference among bubbles. We carry out the same analysis for the scenario of many-bubble evolution. The corresponding GW energy spectra and strains are shown in Fig.4 for typical configurations with 8 and 12 bubbles. For these cases, multiple obvious extremes can be found in both observables, the magnitudes of which are smaller than the counterparts in the few-bubble scenario. On the other hand, the energy spectra/strain spans a wider range in frequency/time respectively, see Fig.3 . In principle, more bubbles will involve more CFs ω n for different bubbles, thus more obvious extremes are able to be produced in the radiation curves. It can be verified that the extremes of the two polarization modes do not necessarily coincide with each other now and the in-phase property from the one-bubble case is also lost.
Discussions.-The GW radiation obtained above can be a very useful probe for the nuclear/quark matter phase transition in the inner cores of NSs. First of all, the characteristic frequency is approximately set by ω c ∼ 2π/R c , which distinguishes itself from other sources of GW. Once detected, it serves as a clear evidence that QCD transition is of first-order at large µ B . Secondly, the duration of the observed GW pulse T ob will strongly constrain the size of super-compressed region: For one-bubble configuration, we have R c /2 < T ob < 4R c with the upper and lower limits from the bubble nucleated at perigee and apogee, respectively. Thirdly, the latent heat density ε v can be extracted from the magnitude of GW strain, as can be seen from Eq.(6) and Eq.(7). The information can then be transformed to the baryon density or chemical potential by following reliable QCD models. Finally, the particular wave forms of the GW can serve as an indicator of the scenarios for bubble nucleation: In-phase wave forms for the two polarization modes with one extreme would prefer few-bubble scenario, while out-phase wave forms with multiple extremes would support manybubble scenario.
It is more practical to have a little numerical discussions. For the chosen radius R c = 1 km as in Fig.3 and Fig.4 , the CF can be roughly evaluated to ω c ∼ 6π × 10 5 rad/s, which distinguishes itself by 3 orders larger than that discovered in the merger of binary neutron stars [12] . For the µ B range shown on the right panel of Fig.2 , the latent heat density is almost a constant in the quark-meson model: ε v = 3.74 × 10 7 MeV 4 . This gives rise to the GW strains of order 10 −25 − 10 −24 and total GW radiation energy (10 −13 −10 −11 )M (M is the solar mass) for a near source with distance L = 0.1 Mpc, see Fig.3 and Fig.4 . The magnitudes of GW strains are still 2 − 3 orders smaller than the threshold of the next generation GW detector 'Cosmic Explorer' [46] . However, if the size of inner cores is as large as 3 km and the source is located in the active region between solar system and the center of Milky Way with L < 0.008 Mpc, the magnitude will increase by more than 3 orders to be well reachable by several advanced detectors [46] . This is promising because the typical event rate for type II supernovae in spiral galaxies is about one event per 50−100 years [47] . For the hypothetical quark stars with much larger radii ∼ 10 km [48] , the observational effect will be even more significant.
In the end, we address the question of GW damping, mainly by the out cores composed of nuclear matter. The upper bound of GW absorption rate is given by [49] γ 8πG P R NM ω ,
where P is the energy density of the nuclear matter and R NM is the depth of the outer cores. The physical parameters can be reasonably evaluated as P ∼ 1 GeV/fm 3 and R NM ∼ 6 km [38] . Then, the absorption rate is con-strained to γ 0.03 for ω c ∼ 6π × 10 5 rad/s, which convinces us that the GW can escape the NSs to be detected by us.
